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We propose a method to generate nonclassical states of light in multimode microwave cavities. Our ap-
proach considers two-photon processes that take place in a system composed of two extended cavities and an
ultrastrongly coupled light-matter system. Under specific resonance conditions, our method generates, in a
deterministic manner, product states of uncorrelated photon pairs, Bell states, and W states. We demonstrate
improved generation times when increasing the number of multimode cavities, and prove the generation of gen-
uine multipartite entangled states when coupling an ancillary system to each cavity. Finally, we discuss the
feasibility of our proposal in circuit quantum electrodynamics.
PACS numbers: Microwave photons, quantum entanglement, superconducting circuits, circuit quantum electrodynamics,
quantum Rabi model.
I. INTRODUCTION
The state-of-the-art of devices exhibiting quantum be-
haviour has grown extensively in the last two decades. Re-
markable platforms such as superconducting circuits [1–3]
and circuit quantum electrodynamics (QED) [4, 5] have al-
lowed the implementation of microwave quantum photon-
ics [6, 7], where superconducting electrical circuits mimic
the behavior of atoms and cavities [8–10]. In this manner,
the capability of tailoring internal circuit parameters to obtain
devices with long coherence times and switchable coupling
strengths yielded quantum optics experiments such as elec-
tromagnetically induced transparency [11], photon blockade
[12], and lately to manipulate the parity symmetric of an arti-
ficial atom in situ [13] to name a few. A distinctive aspect of
microwave photonics is the inherent nonlinearity coming from
Josephson junction devices that makes possible to build pho-
tonic crystals with Kerr and Cross-Kerr nonlinearities much
larger than the one observed in optical devices [14–17]. This
allows for enhancing processes such as parametric down con-
version [18–21], and the generation of nonclassical states of
light [22–26]. Likewise, the notable features of superconduct-
ing circuits have also triggered a bunch of proposals for mi-
crowave photon generation in systems composed of a large
number of cavities. In this context, it is possible to find pro-
posals for the generation of entangled photon states such as
NOON and MOON [27–31] states, studies of correlated pho-
tons emitted from a cascade system [32], as well as the imple-
mentation of a CNOT gate between qubits encoded in a cavity
[33], among other applications [34–36].
On the other hand, circuit QED has also made possible to
achieve light-matter coupling strengths such as the ultrastrong
(USC) [37–41] and deep-strong (DSC) [42, 43] regimes of
∗ Corresponding authors:
francisco.cardenas@usach.cl.
light-matter coupling [44]. In both cases, as the coupling
strength between the light and matter becomes comparable
(USC) or larger than the frequency of the field mode (DSC),
the rotating wave approximation breaks down and the sim-
plest model that describes the physical situation is the quan-
tum Rabi model [44–46]. This model exhibits a discrete parity
symmetry and an anharmonic energy spectrum that provide a
set of resources for quantum information tasks and quantum
simulations [47–53].
Based on the latest developments in superconducting cir-
cuits, here, we propose a method to generate nonclassical
states of light in multimode microwave cavities. Our approach
considers two-photon processes taking place in a system com-
posed of two extended cavities and an ultrastrongly coupled
light-matter system, hereafter called quantum Rabi system
(QRS). Under specific resonance conditions, our method al-
lows a deterministic generation of identical photonic quantum
states of different frequency which can be uncorrelated photon
state or correlated Bell and W states. Furthermore, we could
extend our protocol to more cavities. In this sense, the genera-
tion time of these nonclassical states is inversely proportional
to the number of cavities in the system. This collective effect
is due to the multimode configuration of our setup. On the
other hand, we show the generation of genuine multipartite
entangled states when coupling an ancillary system to each
cavity. Finally, we propose a physical implementation of our
scheme considering near-term technology of superconducting
circuits.
This paper is organized as follows: In section II, we intro-
duce our physical scheme. In section III, we discuss about the
main aspects of the physics of QRS, that is, its parity symme-
try and the underlying selection rules for state transitions. In
section IV, we discuss the two-photon processes presented in
our physical system, and the generation of nonclassical states
of light. In section V, we show that our model allows for gen-
erating copies of density matrices. In section VI, we study
swapping processes for the generation of genuine multipartite
entanglement. In section VII, we present a physical imple-
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2mentation of our method in superconducting circuits. Finally,
in section VIII, we present our concluding remarks.
II. THE MODEL
Let us consider a two-level system of frequencyωq interact-
ing with a quantized electromagnetic field mode of frequency
ωcav in the USC regime. This system is described by the quan-
tum Rabi Hamiltonian [45, 46] (~ = 1)
HQRS = ωcava†a + ωq2 σ
z + gσx(a† + a). (1)
Here, a†(a) is the creation (annihilation) boson operator for
the field mode, the operators σx and σz are the Pauli matrices
describing the two-level system, and g is the light-matter cou-
pling strength. In addition, N multimode resonators [54], each
supporting M = 2 modes of frequencies ω`1 and ω
`
2, are cou-
pled to the edges of the QRS through field quadratures. Notice
that each mode couples to the QRS with coupling strengths J`1
and J`2, respectively. This physical situation will be described
by the Hamiltonian
H = HQRS +Hc +HI , (2)
Hc =
N∑
`=1
(ω`1b
†
`
b` + ω`2c
†
`
c`), (3)
HI =
N∑
`=1
[
J`1(b
†
`
+ b`) + J`2(c
†
`
+ c`)
]
(a + a†), (4)
where b†
`
(b`) and c
†
`
(c`) are the creation (annihilation) boson
operators for the first and second field mode of the `th cav-
ity, respectively. Notice that the coupling strength between
resonators J`1,2 can be several orders of magnitude smaller
than ω`1,2 [55]. Hence, the counter-rotating terms present in
Eq. (4) can be neglected through the rotating wave approxi-
mation (RWA) leading to the following interaction Hamilto-
nian
HI =
N∑
`=1
[
(J`1b` + J
`
2c`)a
† + (J`1b
†
`
+ J`2c
†
`
)a
]
. (5)
In what follows, we will discuss the features of the energy
spectrum of the QRS, that is, its anharmonicity and the inter-
nal symmetry arising in the USC regime.
III. PARITY SYMMETRY Z2 AND SELECTION RULES
The energy spectrum of the QRS presents interesting fea-
tures which have proven useful in performing quantum in-
formation processing [47–52]. These features correspond to
the anharmonicity of the energy levels and the selection rules
imposed by the Z2 symmetry arising in the USC regime. In
Fig. 1, we show the first four energy levels of the QRS as a
function of g/ωcav, where we see an anharmonic energy spec-
trum. Moreover, in the QRS, it is possible to define the par-
ity operator P = −σz ⊗ eipia†a which has discrete spectrum
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FIG. 1. (Color online) (a) Energy spectrum of the Hamiltonian in
Eq. (1) as a function of the coupling strength g. Blue dashed lines
stand for states with parity p = +1. Orange continuous lines corre-
spond to states with parity p = −1. (b) Diagram of the energy levels
at g = 0.6 ωcav. In these numerical calculations we use ωq = 0.8 ωcav.
p = ±1. Notice that P commutes with the QRS Hamilto-
nian, [HQRS,P] = 0, thus enabling the diagonalization of both
operators in a common basis {|σ, p〉}∞σ=0. We label each quan-
tum state regarding two quantum numbers, σ corresponds to
the energy level while p denotes its parity value. In Fig. 1,
states with parity +1(−1) are denoted by the continuous or-
ange (dashed blue) line. As a consequence, the Hilbert space
of the QRS is divided into two parts, the even and the odd
parity subspaces. This allows, depending on the kind of driv-
ing, the possibility of connecting states with different or equal
parity. For instance, it has been proven that drivings like
HD ∼ (a†+a) andHD ∼ σx connect states belonging to differ-
ent subspaces [52]. This happens because the matrix element
〈σ,±|HD|σ′,∓〉 , 0. Moreover, for a driving like HD ∼ σz,
only states with equal parity can be connected since the matrix
element 〈σ,±|HD|σ′,±〉 , 0.
IV. TWO PHOTON PROCESS MEDIATED BY THE
QUANTUM RABI SYSTEM
Here, we propose the implementation of a two-photon pro-
cess mediated by the QRS, which relies on its anharmonic-
ity and the selection rules previously discussed. In particular,
we provide specific resonance conditions between multimode
cavities and the QRS to achieve the phase matching condition
analogue to the usual parametric down-conversion process in
optical systems.
Let us consider the following set of parameters for the QRS
ωq = 0.8 ωcav and g = 0.6 ωcav. In this case, as shown in Fig
1, the first three energy levels form a cascade Ξ system similar
to Rydberg atoms studied in cavity quantum electrodynamics
[57]. The ground and second excited state have parity p = +1,
while the first excited state has parity p = −1, see Fig 1(b).
According to the type of interaction of the multimode cavities
with the QRS, see Eq. (4), a single photon will not be able
to produce a transition between the second excited state |2,+〉
and the ground state |0,+〉 since it is forbidden by parity. How-
ever, these states can be connected through a second-order
process. The latter may occur when the sum of frequencies of
the modes, belonging to a cavity, matches that of the energy
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FIG. 2. (Color online). Population evolution of the ab initio model
Eq. (2) for initial state |Ψ(0)〉 = |2,+〉⊗N,M
`,n |0n` 〉 with cases N = 1
(a), N = 2 (b), N = 3 (c), and N = 4 (d) multimode cavities. Blue
continuous line is the evolution of the initial state |Ψ(0)〉. (a) Orange
dotted line denotes the population of |Ψ〉S = |0,+〉 ⊗ |1ω1 〉 ⊗ |1ω2 〉. (b)
Green dotted line stands for the population of |Ψ〉B = |0,+〉 ⊗ |Ψ+ω1 〉 ⊗|Ψ+ω2 〉, and (c) red dotted line stands for |Ψ〉W = |0,+〉⊗|Wω1 〉⊗|Wω2 〉.
The parameters for these calculations can be found in the main text.
transition between the ground and the second excited state of
the QRS, i.e. ω`1 +ω
`
2 = ν20. Moreover, the frequency of each
mode must be far-off-resonance with respect to the frequency
of the first excited state ω`1,2  ν10. Under these conditions,
the intermediate level can be adiabatically eliminated leading
to the effective Hamiltonian
H `eff = HQRS +Hc +
N∑
`,`′=1
J `′` (b†`c†`′S− + b`c`′S+), (6)
which describes simultaneous two-photon processes in both
cavities. Here, S + = |2,+〉〈0,+| corresponds to the ladder
operator of the QRS in the effective two-level basis. Further-
more, the effective coupling strength J `′
`
is defined as follows
J `′` = J`1J`
′
2 χ01χ21
[ 1
∆110
+
1
∆221
]
. (7)
Here, we define the matrix element of the operator a in the
QRS basis as χ±k j = 〈k,+|a| j,−〉 and the QRS-mode detun-
ing ∆1,2k j = ω
`
1,2 − νk j. The Hamiltonian in Eq. (6) gives
rise to several parametric down conversion processes medi-
ated by the QRS, i.e., by starting with one excitation on the
QRS of energy ν20, it may produce a pair of photons of fre-
quencies ω1 and ω2. The photons generated by this scheme
will distribute on the multimode cavities according to the re-
lation ω`1 +ω
`′
2 = ν20. Depending on the number of cavities N,
this condition enables us to generate two uncorrelated single-
photons (N = 1), or producing identical entangled states of
different frequency such as Bell states (N = 2) or W states
(N ≥ 3). For the cases, N = {1, 2, 3} the effective Hamiltoni-
ans read
H1eff = J12
[
b†1c
†
1S− + b1c2S+
]
. (8a)
H2eff = J12
[
b†1c
†
1 + b
†
2c
†
2 + b
†
1c
†
2 + b
†
2c
†
1
]S− + H.c. (8b)
H3eff = J12
[
b†1c
†
1 + b
†
2c
†
2 + b
†
3c
†
3 + b
†
1c
†
2 + b
†
1c
†
3 + b
†
2c
†
1 + b
†
2c
†
3 + b
†
3c
†
1 + b
†
3c
†
2
]S− + H.c. (8c)
The protocol works as follows: we initially consider the entire
system in its ground state i.e., |Ψ(0)〉 = |0,+〉⊗N`,`′ |0`, 0`′〉.
Afterwards, one may excite the QRS with a microwave pulse
with frequency ν = ν20. This interaction can be modeled by
the Hamiltonian HD = Ω cos(ν20t)σz. Notice that HD pre-
serves the Z2 symmetry of the QRS, thus enabling transitions
between states of equal parity. The state of the system, af-
ter an interaction time t = pi/Ω, is given by |Ψ(pi/Ω)〉 =
|2,+〉⊗N`,`′ |0`, 0`′〉. Then, the system evolves under the
Hamiltonian (2) for a time tS = pi/(2J12 ), tB = pi/(4J12 ), or
tW = pi/(6J12 ), for generating uncorrelated single photons,
pair of Bell states, or pair of W states, respectively. As a re-
sult, the QRS excitation generates two photons distributed on
the cavities satisfying the relation ω`1 + ω
`′
2 = ν20. The wave-
functions of the system after algebraic manipulation read
|Ψ(pi/Ω + pi/2J12 )〉S = |+, 0〉 ⊗ |1ω1〉 ⊗ |1ω2〉, (9a)
|Ψ(pi/Ω + pi/4J12 )〉B = |+, 0〉 ⊗ |Ψ+ω1〉 ⊗ |Ψ+ω2〉, (9b)
|Ψ(pi/Ω + pi/6J12 )〉W = |+, 0〉 ⊗ |Wω1〉 ⊗ |Wω2〉, (9c)
where |Ψ+ωn〉 is the Bell state for photons of frequency
ωn distributed over different resonators, that is, |Ψ+ωn〉 =
1√
2
[|1ωn〉|0ωn〉 + |0ωn〉|1ωn〉]. Also, the state |Wωn〉 stands for
a W state of a single photon of frequency ωn distributed over
different cavities.
In Fig. 2, we show the numerical calculations of the above
mentioned protocol. Here, we compute the population evolu-
tion of states |Ψ(0)〉, and states |Ψ〉S , |Ψ〉B, and |Ψ〉W given in
Eqs. (9). The parametric interaction can produce either uncor-
related photon states of different frequency or identical entan-
gled states of modes belonging to distinct cavities. Further-
more, the simulations show that the state generation time de-
creases as 1/N. This can be explained by analysing the struc-
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FIG. 3. Reconstructed density matrices associated with the modes ω1, i.e. ρω1 , for the case where the system is composed by N = 1 (a), N = 2
(b) and N = 3 (c) multimode cavities. At the specific state generation times tS , tB, and tW , the dominant amplitudes correspond to the states
|1ω1 〉, |Ψ+ω1 〉 and |Wω1 〉, respectively.
ture of Eqs. (8). As the effective Hamiltonians describe a
quantum dynamics in a reduced 2-dimensional Hilbert space,
the matrix elements between the initial state |Ψ(0)〉 and |Ψ〉S ,
|Ψ〉B, and |Ψ〉W are proportional to the normalization of the
desired state, that is,
√
N × √N, where N = 1 stands for sin-
gle photons, N = 2 for Bell states, and N ≥ 3 for W states.
In other words, the matrix elements of the effective Hamil-
tonians are proportional to the number of multimode cavi-
ties. By considering the following parameters for the QRS,
ωcav = 2pi × 13.12 GHz [37], qubit frequency ωq = 0.8ωcav,
and light-matter coupling strength g = 0.6ωcav, we can es-
timate |χ10| = 0.8188 and |χ21| = 1.235. In addition, we
choose ωn1 = 0.25ν20, ω
n
2 = 0.75ν20, J
n
1 = 0.0075ν20, and J
n
2 =
0.0053ν20. In this case, the state generation times are about
tS ≈ 25.10(8) [ns], tB ≈ 12.55(4) [ns], tW ≈ 8.369(4) [ns] for
N = 3, and tW ≈ 6.28 [ns] for N = 4, see Fig. 2.
V. COPIES OF DENSITY MATRICES
In the above section, we have demonstrated that our sys-
tem can generate identical copies of pure microwave photon
states (N = 1, 2, 3). Here, we demonstrate that even including
loss mechanisms our protocol can still generate copies of den-
sity matrices with high fidelity. Since our proposal includes
an ultrastrongly coupled light-matter system, the dissipative
N = 1 N = 2 N = 3
F (ρω1 , ρω2 ) 0.9898 0.9818 0.9832
FS 0.9892 - -
FB - 0.9945 -
FW - - 0.9904
TABLE I. Summarized Fidelity values between the states ρω` ob-
tained through of the master equation (11) with the fictitious states
ρprobe and ρtensor for the case where the QRS is coupled to n = {1, 2, 3}
multimodes cavity.
dynamics will be described by the master equation [58]
ρ˙(t) = i[ρ(t),H] +
N∑
`=1
κ`D[b`]ρ(t) +
N∑
`=1
κ`D[c`]ρ(t)
+
∑
σ,σ>σ′
(Γσσ
′
κ + Γ
σσ′
γ + Γ
σσ′
γφ
)D[|σ, p〉〈σ′, p′|]ρ(t).(10)
Here, H is the Hamiltonian of Eq. (2) and D[O]ρ =
1/2(2OρO† − ρO†O −O†Oρ) is the Liouvillian operator. Fur-
thermore, κn` stands for photon loss rate for each cavity mode.
Γσσ
′
κ , Γ
σσ′
γ and Γ
σσ′
γφ
are the dressed decay rates associated
with the QRS, and they are defined as Γσσ
′
κ =
κ
ωcav
νσσ′ |Xσσ′ |2,
Γσσ
′
γ =
γ
ωq
νσσ′ |σxσσ′ |2 and Γσσ
′
γφ
=
γφ
ωq
νσσ′ |σzσσ′ |2, where κ, γ
and γφ are the bare photon leakage, relaxation, and depolariz-
ing noise rates, respectively.
To study the robustness of our protocol under loss mecha-
nisms, first we will examine the generation of copies of den-
sity matrices for the cases of N = 1, 2, 3 multimode cavities.
As mentioned in the previous section, the whole system is ini-
tialized in the state |Ψ(0)〉 = |0,+〉⊗N`,`′ |0`, 0`′〉. Then, we let
the system to evolve under Eq. (10) for three different times:
tS = pi/(2J12 ), tB = pi/(4J12 ), and tW = pi/(6J12 ), for N = 1,
N = 2, and N = 3 multimode cavities, respectively. Once the
corresponding density matrix ρ(t) is obtained, we trace over
the QRS and modes ω2 (ω1) to obtain the reduced density ma-
trix ρω1 (ρω2 ) which contains only degrees of freedom associ-
ated with the mode ω1 (ω2) distributed on different multimode
cavities. Table I, first row, shows the fidelity between both re-
duced density matrices F (ρω1 , ρω2 ) = Tr(ρω1ρω2 ). These re-
sults allow us to conclude that both quantum states are identi-
cal up to 99% fidelity for a single cavity, and up to 98% fidelity
for two and three cavities. Table I also shows the fidelities of
generating the states of Eqs. (9), that is, FS = Tr(ρ(tS )ρS ),
FB = Tr(ρ(tB)ρS ), and FW = Tr(ρ(tW )ρS ), where ρ(t) have
been numerically calculated from Eq. (10). In Fig. 3, we plot
the reconstructed density matrices for each case. The high
fidelities of our protocol are mainly due to the fast state gen-
eration times as compared with the loss rates. Our numerical
calculations has been carried out with realistic circuit QED pa-
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FIG. 4. Real and imaginary part of the reduced density matrix com-
posed of the two qubits coupled to the field mode of frequency
ω1 (a) and mode ω2 (b). The fidelity between the simulated state
with the Bell state |Φ〉 = (|eg〉 + |eg)〉/√2 is (a) F = 0.9960 and
(b) F = 0.9976.
rameters at temperature T = 15 mK [59]. For the QRS decay
rates we consider values κ = 2pi×0.10 MHz, γ = 2pi×15 MHz
and γφ = 2pi × 7.69 MHz and for the cavities κn` = κ.
VI. ENTANGLEMENT SWAPPING BETWEEN DISTANT
SUPERCONDUCTING QUBITS
In this section, we study the transfer of entanglement gen-
erated into the field modes towards distant superconducting
circuits. Let us consider a pair of two-level systems coupled
at the end of each cavity. As we shall see later in Sec. VII,
our physical implementation will consider λ/4 transmission
line resonators, and superconducting flux qubits to guarantee
strong coupling between them. In such a case, we describe the
system with the following Hamiltonian
HES = H +
2∑
`=1
ωnq`
2
σz` +
2∑
`=1
λ`σ
x
` (B†` + B`), (11)
whereH is the Hamiltonian defined in Eq. (2). Moreover, σx`
andσz
`
are Pauli matrices describing the two-level systems. B`
is the extended cavity operators which, depending on whether
the superconducting qubits are coupled to the first or the sec-
ond mode, can be B` = b`, c`, respectively. Finally, λ` is the
coupling strength between the qubit and the field mode. The
system dynamics is described by the following master equa-
tion
ρ˙(t) = [Eq.(10)] +
N∑
`=1
γ`D[σ−` ]ρ(t) +
N∑
`=1
γφ`D[σz`]ρ(t).
(12)
The last two terms describe the loss mechanisms acting on
the two-level system, i.e., relaxation on the qubit at a rate γ
and depolarizing noise at rate γφ. The entanglement swapping
protocol is the following; we initialize the whole system in its
ground state
ρ0 = |0,+〉〈0,+|
N⊗
`,`′
|0`, 0`′〉〈0`, 0`′ |
N⊗
`
|g`〉〈g` |, (13)
We dispersively couple the two-level systems with the field
modes on the cavities (ω1,2
`
 ωq`). Then, we drive the QRS
to prepare in the second excited state |2,+〉
ρ1 = |2,+〉〈2,+|
N⊗
`,`′
|0`, 0`′〉〈0`, 0`′ |
N⊗
`
|g`〉〈g` |, (14)
This state is the initial condition of our scheme. Afterwards,
we let the system evolve under the Hamiltonian in Eq. (11).
Due to the dispersive qubit-resonator interaction, the two-
level systems do not evolve. After a time t = pi/(2Jeff), the
density matrix of the system reads
ρ2 = |0,+〉〈0,+|
N⊗
`
|Ψ+ω`〉〈Ψ+ω` |
N⊗
`
|g`〉〈g` |. (15)
The next step is to avoid the generated photons coming back to
the QRS. To achieve it, we tune far-off resonance the QRS and
the resonators by changing the qubit frequency that belongs to
the QRS. Afterwards, we put into resonance the external two-
level system with either ω1` or ω
1
` field modes. In such a case,
for a time t = pi/(2λ`), the system evolves to
ρ3 = |0,+〉〈0,+|
N⊗
`=1
|0ω`1〉〈0ω`1 | ⊗ |Ψω`2〉〈Ψω`2 | ⊗ |Φ〉〈Φ|,(16)
ρ3 = |0,+〉〈0,+|
N⊗
`=1
|0ω`1〉〈0ω`1 | ⊗ |Ψω`2〉〈Ψω`2 | ⊗ |Φ〉〈Φ|(17)
Here, |Φ〉 = (|g1e2〉 + |e1g2〉)/
√
2 is a Bell state of the pair of
qubits. Fig. 4 shows the real and imaginary part of the re-
duced density matrix for the pair of qubits after performing
the protocol. As the figure shows, even though the loss mech-
anisms act on the system, the entanglement of the modes can
be transferred to the qubits with high fidelity. For the two-
level systems coupled to the first mode (ω`1), the fidelity isF = 0.9960, and F = 0.9976 when the qubit is resonant with
the second mode (ω`2). This transfer occurs at the time scale
of tS 1 = 23.08 [ns] and tS 2 = 16.32 [ns], respectively.
VII. IMPLEMENTATION IN CIRCUIT QED
We depict the schematic implementation of our system in
Fig. 5. The circuit is composed of a λ/2 transmission line
resonator (TLR) galvanically coupled to a four-junction flux
qubit at the middle of the resonator. Moreover, at the edges of
this λ/2 resonator, one may couple two (up to six) additional
λ/4 TLR via capacitances. The capacitive coupling follows
6Cavity
Cavity
Cavity
Cavity
Cavity Cavity
QRS
Φext
FIG. 5. (Color online). Schematic illustration of our superconducting
circuit implementation. Here, the QRS is composed of a λ/2 trans-
mission line resonator interacting with a superconducting flux qubit
located at the middle point to achieve the USC regime. In addition,
the λ/2 resonator is coupled at its edges to multimode transmission
lines via capacitors.
the same procedure as in Ref. [60]. In such a case, the finger
pattern at the end of these resonators form the capacitive cou-
pling. The orthogonal arrangement between the multimodes
cavity reduces the crosstalk between these resonators, reduc-
ing the cavity-cavity interaction. The Lagrangian representing
this situation reads
L = LQRS +Lc +LI , (18)
where, LQRS is the QRS Lagrangian constituted by the λ/2
TLR coupled to a four-junction flux qubit, Lc is the multi-
mode λ/4 transmission line resonator Lagrangian, whereasLI
stands for the resonator-resonator coupling Lagrangian. The
QRS Lagrangian is given by
LQRS =
∫ d
0
dz
[ c
2
[∂tψ(z, t)]2 − 12l [∂zψ(z, t)]
2
]
+
4∑
k=1
[CJ,k
2
ϕ˙2k + EJ,k cos
(
ϕk
φ0
)]
. (19)
Here, c and l are the capacitance and inductance per unit of
length of the resonator, while CJ,k and EJ,k are the capacitance
and energy describing the k-th Josephson junction. The mul-
timode resonator Lagrangian is given by
Lc =
N∑
`=1
∫ d
0
dz
[c`
2
[∂tφ`(z, t)]2 − 12l` [∂zφ`(z, t)]
2
]
+
Cr
2
[∂tφ`(d, t)]2 +
Cr
2
[∂tφ`(0, t)]2, (20)
Finally, LI is the interaction Lagrangian given by
LI = −Cr
[
φ˙1(d, t)ψ˙(0, t) + ψ˙(d, t)φ˙2(0, t)
]
. (21)
A. Rabi system Hamiltonian
For this derivation we assume EJ,1 = EJ,2 = EJ , EJ,3 = αEJ
and EJ,4 = γEJ . Moreover, the fluxoid quantization relation
on the superconducting loop is given by
ϕ1 − ϕ2 + ϕ3 + ϕ4 = −2pi fx, (22)
here, fx is the frustration parameter defined as fx = φext/Φ0.
On the other hand, as the fourth junction is small enough in
comparison with the loop forming the flux qubit, the super-
conducting phase difference along this junction corresponds
to the phase difference of the λ/2 TLR, i.e. ϕ4 = ∆ψ [48].
Thus, the Lagrangian takes the following form
LQRS =
∫ d
0
dz
[ c
2
[∂tψ(z, t)]2 − 12l [∂zψ(z, t)]
2
]
+
CJ
2
[
ϕ˙1
2 + ϕ˙22 + α(ϕ˙2 − ϕ˙1 − ∆ψ˙)2 + γ∆ψ˙2
]
+ EJ
[
cos
(
ϕ1
φ0
)
+ cos
(
ϕ2
φ0
)
+ γ cos
(
∆ψ
φ0
)
+ α cos
(
ϕ2 − ϕ1 + φext − ∆ψ
φ0
)]
. (23)
We are assuming the superconducting phase on the loop is
well localized, thus the potential energy can be expanded in
powers of ∆ψ/φ0 [48], allowing us to express the QRS La-
grangian in the following form
LQRS = Lr +Lq +Lqr (24)
whereLr is the Lagrangian of the resonator with an embedded
junction
Lr =
∫ d
0
dz
[ c
2
[∂tψ(z, t)]2 − 12l [∂zψ(z, t)]
2
]
+
CJ(α + γ)
2
∆ψ˙ + γEJ cos
(
∆ψ
φ0
)
. (25)
Moreover, Lq is the usual three-junction flux qubit La-
grangian [8]
Lq = CJ2
[
(1 + α)(ϕ˙12 + ϕ˙22) − 2αϕ˙2ϕ˙1
]
(26)
+ EJ
[
cos
(
ϕ1
φ0
)
+ cos
(
ϕ2
φ0
)
+ α cos
(
ϕ2 − ϕ1 + φext
φ0
)]
.
Finally, Lqr is the qubit-resonator Lagrangian; this term has
two contributions: capacitive and galvanic coupling, and reads
Lqr = −αCJ(ϕ˙1 + ϕ˙2)∆ψ˙ − αEJ
φ0
sin
(
ϕ1 − ϕ2 + φext
φ0
)
∆ψ.
(27)
In the flux qubit, the capacitive energy is smaller than the in-
ductive energy [37]. Thus, we neglect the capacitive term,
obtaining
Lqr = −αEJ
φ0
sin
(
ϕ1 − ϕ2 + φx
φ0
)
∆ψ. (28)
We obtain the Lagrangian for the transmission line resonator
by computing its equation of motion. In such a case, the flux
ψ(z, t) obeys the wave equation whose solution for the λ/2
TLR is given by
ψ(z, t) =
∑
m
Um(z)Gm(t), (29)
ψ(z, t) =
∑
m
[
AmCm(z − d/2) + BmSm(z + d/2)
]
Gm(t),(30)
7where km is the wave vector of the resonator with the embed-
ded junction, which is obtained through the dispersion relation
km tan
(kmd
2
)
=
2l
LJ
[
1 −
(vkm
ωp
)2]
, (31)
with v =
√
1
lc is the TLR wave velocity, LJ = γφ
2
0/EJ is the
Josephson inductance. Besides, ωp = 1/
√
LJCJ is the plasma
frequency of the embedded junction. Replacing the flux ψ(z, t)
on the Lagrangian given in Eq. (20) we arrive at
Lr =
∑
m
[
ηmG˙m(t)2
2
− η
2
mω
2
mG2m(t)
2
]
. (32)
where ηm is the effective capacitance [17]. By applying the
Legendre transformation, we arrive at the classical Hamilto-
nian
Hr =
∑
m
[
Π2m
2ηm
+
η2mω
2
mG
2
m
2
]
. (33)
Here, Πm = ∂L/∂[G˙m] is the canonical conjugate momenta.
We proceed to quantize the Hamiltonian promoting the fol-
lowing operators
Πm =
√
~
2ηmωm
(a†m + am), (34)
Gm = i
√
~ηmωm
2
(a†m − am). (35)
Replacing these operators in the Hamiltonian Hr we arrive at
the TLR quantum Hamiltonian
Hr =
∑
m
~ωm
(
a†mam +
1
2
)
. (36)
Now, let us consider the Lagrangian of the four-junction flux
qubit given in Eq. (26). Near from the degeneracy point
φx = φ0/2, the system can be truncated to the two lowest
eigenstates, whose Hamiltonian is given by
Hq =
~ωq
2
σz (37)
where, ωq =
√
∆2 + ε2, with ∆ the qubit gap, and ε =
2Ip(φx − φ0/2), where Ip is the persistent current on the su-
perconducting loop. Furthermore, the interacting Lagrangian
given in Eq. (28) can be written in the two-level basis, in such
case, the quantized Hamiltonian reads
Hqr = iαEJ∆Um
φ0
√
~ηmωm
2
σx(am − a†m) (38)
Thus, by considering the first mode of the resonator, we obtain
the QRS Hamiltonian as follows
HQRS = ~ωcava†a + ~ωq2 σ
z + ~gσx(a† + a). (39)
B. Multimode cavity Hamiltonian
To obtain the Hamiltonian of the multimode cavities, let us
consider the Lagrangian given in Eq. (20) for N = 2 res-
onators
Lc =
N∑
`=1
∫ d
0
dz
[c`
2
[∂tφ`(z, t)]2 − 12l` [∂zφ`(z, t)]
2
]
+
Cr
2
[∂tφ1(d, t)]2 +
Cr
2
[∂tφ2(0, t)]2, (40)
For the specific implementation, we consider boundary condi-
tions defining a λ/4 resonator which are given by
−∂zφ1(0, t) = −∂zφ2(d, t) = 0, (41)
∂tφ1(z, t) = ∂zφ2(z, t) = 0. (42)
In this case, the dispersion relation reads
qn,` =
1
v`l`Cr
cot(qnd). (43)
Finally, the quantum Hamiltonian for the multimode res-
onators is given by
Hc =
N∑
`=1
[
~ω`1
(
b†
`
b` +
1
2
)
+ ~ω`2
(
c†
`
c` +
1
2
)]
. (44)
C. Driving the superconducting qubit
We can drive the two-level system by applying a time-
dependent magnetic field on the superconducting loop, see
Fig. 5. In such case, the energy gap ωq can be expressed as
ωq(t) =
√
∆2 + ε2(t) (45)
where, ε(t) = εDC +εAC cos(ωLt) is the time-dependent energy
on the system, which contains DC and AC contributions [61].
For εDC  εAC , we can write the flux-qubit energy as
ωq =
√
∆2 + ε2DC +
εDCεAC√
∆2 + ε2DC
cos(ωLt). (46)
Thus, the flux-qubit driving Hamiltonian is given by
Hq(t) = ωq2 σ
z + Ω cos(ωLt) σz. (47)
VIII. DISCUSSION AND CONCLUSION
In summary, we have shown the usefulness of the QRS to
generate photons under suitable configuration. Based on the
selection rules and the anharmonicity present in the QRS, it is
possible to find the specific matching condition for producing
two-photon processes, analogous to the observed in the para-
metric frequency conversion. This condition allows us to gen-
erate in a deterministic manner uncorrelated or correlated pho-
ton states, Bell and W states. The protocol mentioned above,
8together with available optical to microwave photon converter
technologies, may be a useful resource to perform tasks as
distributed quantum computing or quantum cryptography.
On the other hand, the proposed protocol could work as a
quantum random number generator (QRNG) in the microwave
regime. Unlike the optical regime where QRNGs are based on
single mode and polarization states of photons, our proposal
considers multimode states of photons. As a consequence, we
observe a quadratic increase in the amount of possible quan-
tum random numbers that would be generated in comparison
with the single-mode case. Moreover, due to the fact that our
system generates simultaneously identical maximally entan-
gled photonic states of different frequency, this state resem-
bles a N2-side dice, where each side is associated with the
probability to find the photons of frequency ω1 and ω2 in one
of the two modes in N cavities. Thus, the multiphoton process
mediated by a QRS occurring on multimode cavities provides
an efficient way to produce quantum random numbers. This
efficiency relies on two main aspects of our protocol. The for-
mer concerns with the collective effect producing a decrease
of the generation time as the number of cavities increases, per-
mitting to avoid the bias produced by the interaction of the
system with the environment. The latter concerns the multi-
mode configuration of our scheme. As we previously men-
tioned, the inclusion of the multimode systems allows us to
increase the amount of possible quantum random numbers as
the number of devices required decrease. Finally, we have
also proposed a possible experimental implementation of our
scheme considering near-term technology on circuit quantum
electrodynamics in the ultrastrong coupling regime.
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